A LOGICAL CALCULUS TO INTUITIVELY AND LOGICALLY 
DENOTE NUMBER SYSTEMS 



PITH XIE 

Abstract. Simple continued fractions, base-b expansions, Dedekind cuts and Cauchy 
sequences are common notations for number systems. In this note, first, it is proven that 
both simple continued fractions and base-b expansions fail to denote real numbers and 
thus lack logic; second, it is shown that Dedekind cuts and Cauchy sequences fail to join 
in algebraical operations and thus lack intuition; third, we construct a logical calculus 
and deduce numbers to intuitively and logically denote number systems. 



1. Introduction 

Number system is a set together with one or more operations. Any notation for number 
system has to denote both set and operations. The common notations for number systems 
are simple continued fractions, base-b expansions, Dedekind cuts and Cauchy sequences. 

In [1] and [2], simple continued fractions and base-b expansions denote each number in 
number systems as a set of symbols. So both them denote number systems intuitively and 
join well in algebraical operations. In [3] and [4], Dedekind cuts and Cauchy sequences 
introduce infinite rational numbers to denote an irrational number. So both them denote 
number systems logically and join well in logical deduction. 

In this note, first, it is proven that both simple continued fractions and base-b expan- 
sions fail to denote real numbers and thus lack logic; second, it is shown that Dedekind 
cuts and Cauchy sequences fail to intuitively join in algebraical operations and thus lack 
intuition. 

However, mathematical logic has sufficiency of intuition and logic. In [9], formal lan- 
guage introduces producer "— >" to formalize intuitive language. In [10], propositional 
logic introduces connectives such as "->" , "A" , "V" , "=>- / — >" and / -H-" to formalize 
logical deduction. Therefore, it is feasible to combine producer and connectives to deduce 
intuitive and logical notations for number systems. 

The paper is organized as follows. In Section 2, we study the most common notation for 

number system decimals, and prove that they fail to denote real numbers. In Section 

3, by comparing those common notations for number systems, we show that intuitive 
simple continued fractions and base-b expansions lack logic while logical Dedekind cuts 
and Cauchy sequences lack intuition. In Section 4, we construct a logical calculus and 
deduce numbers to intuitively and logically denote number systems. 
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2. Decimals And Real Number System 

In this section, we show a conceptual error in the proof to [Tj THEOREM 134], and 
then correct P THEOREM 134]. 

Definition 2.1. A sequence {x n } in a metric space (X, d) is a convergent sequence if 
there exists a point iGl such that, for every e > 0, there exists an integer N such that 
d(x, x n ) < e for every integer n> N. The point x is called the limit of the sequence {x n } 
and we write 

(2.1) x n — > x 
or 

(2.2) lim x n = x. 

71— >00 

Theorem 2.2 ([TJ THEOREM 134]). Any positive number £ may be expressed as a dec- 
imal 

(2.3) A 1 A 2 ■ ■ ■ A s+1 . a x a 2 a 3 

where < Ai < 10, < A 2 < 10, • • • , < a n < 10, not all A and a are 0, and an infinity 
of the a n are less than 9. If £ > 1, then A\ > 0. There is a (1,1) correspondence between 
the numbers and the decimals, and 

(2.4) z = A 1 -W s + --- + A s+1 + ^ + ^- 2 +... . 

Proof. Let [£] be the integral part of £. Then we write 

(2.5) f = [£}+x = X + x } 

where X is an integer and < x < 1, and consider X and x separately. 

If X > and 10 s < x < 10 s+1 , and Ai and Xi are the quotient and remainder when X 
is divided by 10 s , then X = A 1 ■ 10 s + X u where < A 1 = [10~ S X} < 10, < X x < 10 s . 

Similarly 

X 1= A 2 - 10 s " 1 + X 2 (0 < A 2 < 10, < X 2 < 10 s - 1 ), 
X 2 = A 3 - 10 s - 2 + X 3 (0 < A 3 < 10, < X 3 < 10 s ~ 2 ), 

= A s -10 + X s (0 < A s < 10,0 < X s < 10), 
X s = A s+1 (0 < A s+1 < 10). 

Thus X may be expressed uniquely in the form 

(2.6) X = A l ■ 10 s + A 2 ■ 10 s - 1 + --- + A S -10 + A s+1 , 

where every A is one of 0, 1, 2, • • ■ , 9, and A\ is not 0. We abbreviate this expression to 

(2.7) X = A 1 A 2 ---A S A S+1 , 

the ordinary representation of X in decimal notation. 
Passing to i, we write 

X = h (0 </!<!). 
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We suppose that a\ = [10/i], so that 

a% , , ^ ai + 1 

/I <- i 

10 - 10 

ai is one of 0, 1, 2, ■ ■ • , 9, and 

a! = [10/i], 10/i = ai + / 2 (0</ 2 <l). 

Similarly, we define a 2 , 03, ■ ■ ■ by 

O2=[10/ 2 ], 10/ 2 = a 2 + / 3 (0</ 3 <l), 
a 3 =[10/ 3 ], 10/ 3 = a 3 + / 4 (0</ 4 <l), 

Every a n is one of 0, 1, 2, ■ ■ • , 9. Thus 

(2.8) x = x n + g n+ i, 

where 

(2 9) x -^1 + -^- + ... + -^- 

1 Jj Xn ~io + io 2 + + 10«' 

(2.10) < o n+1 = < — . 

We thus define a decimal .aia 2 a 3 • • • a n • • • associated with x. We call ai, a 2 , • • • the 
first, second, • • ■ digits of the decimal. 
Since a n < 10, the series 

00 

(2.11) 

is convergent; and since g n +i 0, its sum is x. We may therefore write 

(2.12) x = . aia 2 a 3 • • • , 

the right-hand side being an abbreviation for the series ( 12. lip . 
If fn+i = for some n, i.e. if 10 n x is an integer, then 

a n+l — a n+2 = ■ ■ ■ = 0. 

In this case we say that the decimal terminates. Thus 

17 



- .0425000 
400 

and we write simply = .0425. 

It is plain that the decimal for x will terminate if and only if a; is a rational fraction 
whose denominator if of the form 2 a 5 13 . 

Q\-nnv 0,71+1 -L °"+ 2 _l_ . . . — n ^ -J_ anrl 9 _|_ 9 9 _ _J_ if 

kJlllUC iQn + l ~ lQn + 2 ~ i/n + 1 ^ iQn «*11U + 1 T \Qn + 2 1 10™+ 1 (1— j-) 10" ' 

is impossible that every a n from a certain point on should be 9. With this reservation, 
every possible sequence (a n ) will arise from some x. We define x as the sum of the series 
(12. lip , and x n and g n+ i as in (12. 8p and ( 12. 9p . Then g n+ i < 10 _n for every n, and x yields 
the sequence required. 
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Finally, if 

oo oo , 

(2.13) yOr L = Y^ 



and the 6 n satisfy the conditions already imposed on the a n , then a n = b n for every n. 
For if not, let a at and 6 at be the first pair which differ, so that — &at| > 1- Then 



oo oo , 

10™ ~ ^10™ 

1 1 



> _1 \p \a n - K\ > _L y> _9_ _ 

- iqn 2^ ion - ion 2^ io« ~ 

JV+1 iV+1 



This contradicts (12.131) unless there is equality. If there is equality, then all of a^ + i — 
frjv+i, a N+2 — ■ ■ ■ must have the same sign and the absolute value 9. But then either 
a n = 9 and b n = for n > N, or else a n = and b n = 9, and we have seen that each 
of these alternatives is impossible. Hence a n = b n for all n. In other words, different 
decimals correspond to different numbers. 

We now combine (12. 5p . (12.71) . and (12.121) in the form 

(2.14) f = X + x = A X A 2 ■ ■ ■ A s A s+l . ai a 2 a 3 • • • ; 

and the claim follows. □ 

According to Definition 12.1} the series (12. lip converges to the limit x. For an infinite 
sequence, however, its limit may not equal its uj — th number for any infinite number u. 

1. uj is a transfinite cardinal number^. Since the equalities and order on the fractions 
including transfinite cardinal numbers have not been defined, the equation g^+i = "j^r = 
cannot be derived from given premises for any uj. 

2. uo is an infinite superreal number[6\ or an infinite surreal number[7\. Since the 
infinitesimal g u+ x = > holds for every to, the equation g u +i = = cannot be 
derived from given premises for any uo. 

In summary, the equation x = x w + g w +\ cannot derives x = x^ for any infinite number 
uj. Thus, (I2.12p cannot be derived from given premises. 

In fact, the proof to [Tj THEOREM 134] confuses the limit and the uj — th number of 
the same infinite sequence for some infinite number uj. 

According to the arguments above, we correct [Tj THEOREM 134] as follows. 

Theorem 2.3. Any positive number £ may be expressed as a limit of an infinite decimal 
sequence 

(2.15) lim A l A 2 ■ ■ ■ A s+i . a x a 2 a z ■ ■ ■ a n , 

n— »oo 

where < A\ < 10, < A 2 < 10, • • • , < a n < 10, not all A and a are 0, and an 
infinity of the a n are less than 9. If £ > 1, then A± > 0. There is a (1,1) correspondence 
between the numbers and the limits of infinite decimal sequences, and 

(2.16) i = Al . W + ... + As+1 + lim ^T^. 

n— too 1(J 
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3. Common Notations For Number Systems 

3.1. Intuitive Notations. Simple continued fractions and base-b expansions construct 
intuitive symbols to denote number systems. They join well in algebraical operations and 
thus have sufficiency of intuition. 

Definition 3.1. A finite continued fraction is a function 
(3.1) a + 1 



1 



a 2 + 



a 3 - 



1 

+ — 

a N 

of N + 1 variables 
(3.2) 

which is called finite simple continued fraction when ao, ai, • • • , cln are integers such that 
a n > for all n > 1. 

Finite simple continued fractions can be written in a compact abbreviated notation as 

(3.3) [a ,ai,a 2 , • • • ,a N ]. 

Definition 3.2. If ao, «i, a 2 , • • • > o n , • • • is a sequence of integers such that a n > for all 
n > 1, then the notation 

(3.4) [a ,ai,a 2 , ■ ■ •] 
denotes an infinite simple continued fraction. 

Theorem 3.3 ([1, THEOREM 149]). If p n and q n are defined by 

(3.5) p = do, Pl = fllCtO + 1, Pn = (lnPn-\ + Pn-2 (2 < 71 < N) , 

(3.6) g = 1, 9i = ai, q n = a n q n _i + g„_ 2 (2<n< N), 
then 

(3.7) [a , ai, . . . , a n ] = — . 

Theorem 13.31 can be specialized for finite simple continued fractions as follows: 
Theorem 3.4. {ao,o>i, ■ ■ ■ ,a n } is an integer sequence. If p n and q n are defined by 

(3.8) p = a , pi = a x a Q + 1, p n = a n p n - X + Pn-2 (2 <n< N), 

(3.9) g = 1, q\ = ai, q n = CL n q n -i + q n -2 (2 < n < N), 
then 

(3.10) [00,01, . . . ,a n ] = — . 

q n 

Theorem 13.41 can directly derive such a corollary as follows: 

Corollary 3.5. Any finite simple continued fraction can be represented by a rational 
number. 
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Theorem 3.6 ([1, THEOREM 161]). Any rational number can be represented by a finite 
simple continued fraction. 

According to Corollary 13.51 and [U THEOREM 161], finite simple continued fractions 
are equivalent to rational numbers. 

Theorem 3.7 ([1, THEOREM 161]). Any rational number can be represented by a finite 
simple continued fraction. 

Theorem 3.8 ([1> THEOREM 170]). Every irrational number can be expressed in just 
one way as an infinite simple continued fraction. 

Proof. We call 

(3.11) a' n = [a n ,a n+1 , ■ ■ ■} 

the n-th complete quotient of the continued fraction x = [a , a\, ■ ■ ■]. 
Clearly 

a 'n = lim [ a n,a n +i, ■ ■■ ,a N ] 

TV— !>oo 

= a n + lim - 

n^co [a n+l , ■■■ ,a N \ 

1 

= a-n + — — , 

a n+l 

and in particular x = a' = a + 

Also a' n > a n , a' n+1 > a n+ \ > 0, < -^r— < 1; and so a n = [a' n ], the integral part of a' n . 
Let x be any real number, and let = [x]. Then 

x = a + £o, < < 1- 

If 7^ 0, we can write 

T = a i' K] = a i> a 'i =°-i + < < 1. 
If £i 7^ 0, we can write 

— = a' 2 = a 2 + £ 2 , 0<f 2 <l, 
and so on. Also a' n = l/£ n _i > 1, and so a n > 1, for n> 1. Thus, 

= [ao, Qi, a' 2 ] = [cio, a±, a2, a' 3 ] = ■ ■ ■ , 



(3.12) 



x 



[clq, a'J 



1 

a Qi °>i H — 7 

a 2\ 



where a , a\, • ■ ■ are integers and 

(3.13) a 1 >0, a 2 >0,- 
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The system of equations 

x = a + £o (0<£ <1), 
' ai = ai + ei (0<£i<l), 



1 

6 



1= a' 2 = a 2 + & (0 <&<!), 



is known as the continued fraction algorithm. The algorithm continues so long as £ n ^ 0. 
If we eventually reach a value of n, say iV, for which £ n = 0, the algorithm terminates 
and 

(3.14) x — [a , ai, a 2 , • • • , ajv]- 

In this case a: is represented by a simple continued fraction, and is rational. 
If x is an integer, then £ — and x = a^. If x is not integral, then 

ft 

x = v 

where ft and k are integers and k > 1. Since 

T = a o + fo, ft = a + £ k, 

ao is the quotient, and ki = £ k the remainder, when ft is divided by k. 
If Co 0, then 

. , . 1 /c 

(3.15) a = - = tt 

and 

fc 

7- = ai + £i, k = axfa + £ ki, 
k\ 

thus ai is the quotient, and k 2 = the remainder, when k is divided by k\. We thus 
obtain a series of equations 

ft = aofc + k±, k = a\k\ + k 2 , k\ = a 2 k 2 + k^, 

continuing so long as £ n ^ 0, or, what is the same thing, so long as k n+ i ^ 0. 

The non-negative integers k,ki,k 2 ,--- form a strictly decreasing sequence, and so 
&at+i — for some N. It follows that Cat = for some N, and that the continued 
fraction algorithm terminates. This proves [TJ THEOREM 161]. 

The system of equations 

ft = a k + ki (0 < ki < k), 
k = a\ki + k 2 (0 < k 2 < ki), 



— O-N-l^N-l + k N (0 < k N < fcjv-l)) 

/oA r — i = d]\ik]\i 
is known as Euclid's algorithm. 
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If x is irrational the continued fraction algorithm cannot terminate. Hence it defines 
an infinite sequence of integers 

(3.16) 00,01,02, • • • , 
and as before 

(3.17) x = [ao, a>i] = [ao, «i, o 2 ] = • • • = [ao, «i, «2, • • • , Q> n , o n+1 ], 
where a' n+l = a n+1 + -^-^ > a n+l . Hence 

,o1q\ / a 'l a + 1 <+lPn + Pn-1 

(3.18) x = a Q = = • • • = — - 

and so 

(3.19) x- 



a'n+lQn + Qn-1 
Pn Pn-lQn ~ PnQn-l (~1)' 



q n q n (a' n+1 q n + q n -\) q n (a' n+1 q n + g n _i) ' 

Pn , 1 1 1 

3.20 x-— <— - = <— -^0, 

q n 9n(an+l9n + 9n-l) 7l(n + 1) 

when n — > oo. Thus 

(3.21) x = lim — = [a ,ai, • • ■ ,a n , ■ ■ ■], 

and the algorithm leads to the continued fraction whose value is x. □ 

In Section [21 we have proven that the limit of an infinite sequence may not equal the 
uj — th number of the same infinite sequence for any infinite number u. 

1. u is a transfinite cardinal number. Since the equalities and order on the fractions 
including transfinite cardinal numbers have not been defined, the inequality \x — — | < 

, 1 , ^ does not hold for any uj. 

2. a; is an infinite superreal number or an infinite surreal number. Since the infinitesimal 
^J+i) > holds for every oj, the equation \x — ^1 = or x = cannot be derived from 
given premises for any u. 

In summary, the inequality (I3.20p cannot derives (I3.2ip . In fact, (I3.20p only derives 
x = lim — = lim [ao, ai, • ■ ■ , a n ]. 

According to the arguments above, we correct [U THEOREM 170] as follows. 



Theorem 3.9. Every irrational number can be expressed in just one way as a limit of an 
infinite simple continued fraction sequence. 

According to [2j §BF.2], we can define base-b expansions as follows: 

Definition 3.10. Base-b expansion is an expression of number as follows. 

(3.22) c n b n + Cn^U 1 - 1 ■■■ + c 2 b 2 + db 1 + c b° + d.b- 1 + d 2 b- 2 ■■■ + d n b~ n , 

where b represents the base, and q and dj are place-value coefficients. The expansion 
would ordinarily be written without the plus signs and the powers of the base as follows: 

(3.23) c n c n _i • ■ ■ C2C1C0 . did 2 ■ • • d n , 
where b l is implied by the place-value property of the system. 

According to 13.101 finite decimals are just base-10 expansions. 
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Definition 3.11. Base-variable expansions are base-b expansions for every finite integer 
b greater than 1. 

Theorem 3.12. Every base-variable expansion is equal to a rational number. 

Proof. According to Definition l3.114 every base- variable expansion x must also be a base-b 
expansion. Then 

(3.24) x = ±a n ■ ■ • G^aido . a_ia_ 2 ■ • ■ a_ n . 
According to Definition I3.10[ it follows that 

n 

E 

(3.25) ±a n ■ ■ ■ a 2 aia Q . a_ia_ 2 • • • a_ n = ± ' = ~ n &w . 

n 

E a i bi+n 

Since both digit < a» < 9 and b are integers, ± '"~" b „ must be a rational number. 

So the claim follows. □ 

Theorem 3.13 (The Fundamental Theorem of Arithmetic). Every natural number is 
either prime or can be uniquely factored as a product of primes in a unique way. 

Theorem 3.14. Every base-b expansion for a constant b may be unequal to a rational 
number. 

Proof. According to the equation (13.251) . every base-b expansion for a constant b may be 
expressed as follows: 

n 

(3.26) x = . 

Since there exists infinite primes, there must exist a prime q such that (q, b) — 1. Since 
q > 1 and b ^ 0, it follows from Theorem 13 . 1 31 that for every < tij < 9 there exists 

n 

(3.27) q ■ a i U+n + bn - 

i=—n 

Hence 

n 

(3.28) ±!zz!L ^ 

v ' b n ^ q 

which holds for every < ai < 9. So the claim follows. □ 

From Theorem 13.121 and Theorem 13.141 we can conclude such a corollary as follows: 

Corollary 3.15. Base-variable expansions are included in rational numbers. 

According to the arguments above, no algorithms can determine the equalities between 
infinite simple continued fractions or infinite base- variable expansions and real numbers. 
As to the limits of infinite simple continued fraction sequences and those of infinite base- 
variable expansion sequences, they belong to logical notations and will be discussed in 
the next section. 

In summary, both simple continued fractions and base-variable expansions lack logic 
and fail to denote real numbers. 
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3.2. Logical Notations. According to Definition 12. 1[ limit is based on infinite sequence. 
So the limits of infinite simple continued fraction sequences and those of infinite base- 
variable expansion sequences are also defined on infinite sequence. 

In 1872, Dedekind and Cantor invented Dedekind cuts and Cauchy sequences respec- 
tively to denote number systems. However, both Dedekind cuts and Cauchy sequences are 
based on rational number system. In 1889, Peano published a study giving an axiomatic 
approach to the natural numbers [8] • Peano Axioms can also be extended to define rational 
numbers. Then both Dedekind cuts and Cauchy sequences join well in logical deduction 
and thus have sufficiency of logic. 

However, Dedekind cuts and Cauchy sequences introduce infinite rational numbers to 
denote an irrational number. In Dedekind cuts, an irrational cut (A, B) is defined on two 
infinite rational sets A and B. In Cauchy sequences, an irrational number is defined on 
an equivalence class of some infinite rational sequence. 

Although it is feasible to logically define algebraical operations on infinite sets or infinite 
sequences, it is impossible to intuitively execute these infinite algebraical operations in 
a finite period. So the limits of infinite simple continued fraction sequences and those 
of infinite base-variable expansion sequences are also defined on infinite sequence lack 
intuition and fail to join in algebraical operations. For the same reason, both Dedekind 
cuts and Cauchy sequences lack intuition and fail to join in algebraical operations. 

4. Logical Calculus 

Intuitive simple continued fractions and base-variable expansions fail to denote real 
numbers, while logical Dedekind cuts and Cauchy sequences fail to join in algebraical 
operations. In mathematical logic, logical calculus is a formal system to abstract and 
analyze the induction and deduction apart from specific meanings. In this section, how- 
ever, we construct a logical calculus by virtue of formal language and deduce numbers to 
intuitively and logically denote number systems. For clarity, we will explain the logical 
calculus with natural language. 

In [9], the producer "— >•" substitutes the right permutations for the left permutations 
to produce new permutations. In [TO], the connectives "-i", "A", "V", and 
stand for "not", "and", "or", "implies" and "if and only if respectively. In this note, the 
producer "— )■" is considered as a predicate symbol and embedded into logical calculus. 

Definition 4.1. {$, is a logical calculus such that: 

(4.1) ${ 

(4.2) V{0, a, &■••}, 

(4.3) C{0,1, + •■•}, 

(4.4) P{0, G ,C,^, |, =,<•••}, 

(4.5) V o C{0, a, 6 ■ ■ ■ , 1, H — • , aa, ab ■ ■ ■ , al, a + • • • , 6a, 66 • • • , 61, b + ■ ■ ■ , 
aaa, aab ■ • • , aal, aa + ■ • • , baa, bob • ■ ■ , 6al, ba + • ■ ■ }, 

(4.6) C o C{0, 1, + • • • , 11, 1 + • • • , 111, 11 + • • • }, 

(4.7) V o C o P{0, a, b ■ ■ • , 1, H — • , G, C • • • , aa, ab ■ ■ ■ , al, a + • • ■ ,a &,a Q ■ ■ • , 
6a, 66 • ■ ■ , 61, 6 + ■ • • , 6 G, 6 C ■ ■ • , aaa, aa6 • • ■ , aal, aa + • • • , aa G, aa C • • • , 
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baa, bah ■ • • , foal, ba + • • • , ba G, ba C • • • }, 

(4.8) (a G y) (a = 0) V (a = a) V (a = o) • • • , 

(4.9) (a G C) (a = 0) V (a = 1) V (a = +) • • • , 

(4.10) (a G o C)) (a = 0) V (a = a) V (a = 6) • • • V (a = 1) • • • V (a = aa) 
V(d = ab) • • • V (a = al) • • ■ V (a = aaa) V (a = aao) • • • V (a = aal) • • • , 

(4.11) (a G (C o C)) ^ (a = 0) V (a = 1) V (a = +) • • • V (a = 11) V (a = 1+) • • • 
V(a= 111) V(a= , 

(4.12) (a G (y o C o P)) ^ (a = 0) V (a = a) V (a = 6) • • • V (a =e) • • • V (a = aa) 
V(a = ao) • • • V (d = a G) • • • V (d = aaa) V (a = aa6) • • • V (d = aa G) • • • , 

(4.13) (a G (V o C)) A (o G (y o C)) A (c G (y o C)) A (d G (V o C)) A (e e (V o C)) 
A(f G (V o C)) A( 5 6(l/o C)) A (a G (V o C)) A (i G (V o C)) A (j £ (V o C)) 
• • • A (a G (y o C o P)) A (6 G (y o C7 o P)) A (c G (y o C o P)) • • • , 

(4.14) ((a C {6, c}) ^(flCi)v(ttC c)) A 

((a C {6, c, J}) ^(aa)v(aCc)V(aC J)) A 

((a C {b, c, d, e}) <^> (a C 6) V (a C c) V (a C d) V (a C e)) A 

((a C {6, c, J, e, /}) ^ (a C 6) V (a C c) V (a C J) V (a C e) V (a C /)) A 

((a C {6, c, J, e, /, g}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 

V(flC S ))A 

((a C {b, c, d, e, /, (?, a}) (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a Cj)v(flC a)) A 

((a C {6, c, d, e, f, g, h,i}) <^> (a C 6) V (a C c) V (a C d) V (a C e) V (a C /) 
V(a C (?) V (a C a) V (a C «)) A 

((a C {o,c,d,e, f,g,h,i,]}) (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a C (?) V (a C a) V (a C i) V (a C ])) ■ ■ ■ 

}, 

(4.15) ^{ 

(4.16) (a C 6) (6 = cad), 

(4.17) (a ->■ fed) A (c — >■ e) =^ (a — >■ feed), 

(4.18) (a ->■ o|c) =>- (a ->• 6) A (a -> c), 

(4.19) (a|6 ->■ c) =^ (a ->■ c) A (6 ->■ c), 

(4.20) a A 6 =4> (a < 6) V (6 < a) V (a = 6), 

(4.21) (a < 6) =>• -1(6 < a), 

(4.22) (a < 6) =>• -.(a = 6), 

(4.23) (a < 6) A (6 < c) =^ (a < c), 

(4.24) (a < 6) A (a G (C o C)) A (be (Co C)) (a A b), 

(4.25) (a < bed) A (c = e) =^ (a < 6ed), 
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(4.26) (die < d) A (b = e) =>- (aec < d), 

(4.27) (a < bed) A (c — >■ e) A ->(c C {a, ft, J}) (a < feed), 

(4.28) (a < fredee) A (c — )■ /) A ->(c C {a, 5, J, e}) (a < bfdfe), 

(4.29) (a&c < J) A (6 ->■ e) A ->(& C {a, c, J}) =4> (aec < J), 

(4.30) (a&c < d&e) A (6 -> /) A ->(& C {a, c, d, e}) =>• (a/c < dfe), 

(4.31) (a&c < d&eo/) A (b ->• A C {a, c, d, e, /}) (age < dgegf), 

(4.32) (a&c&d < e) A (6 -»• /) A ->(& C {a, c, J, e}) =>- (afcfd < e), 

(4.33) (abebd < ebf) A (6 — >■ g) A C {a, c, d, e, /}) =>■ (agegd < egf), 

(4.34) (a&c&d < eft/fe^) A (b -> a) A C {a, c, J, e, /, <?}) =>• (ahchd < ehfhg), 

(4.35) a = a, 

(4.36) (a = 6) =► (6 = a), 

(4.37) (a = 6) -.(a < 6), 

(4.38) (a = 6cd) A (c = e) =>- (a = bed), 

(4.39) (afc) A (6 = d) (a&c = adc), 

(4.40) (a = feed) A (c — )• e) A -i(c C {a, 6, d}) =>■ (a = feed), 

(4.41) (a = fcedee) A (c — >• /) A ->(c C {a, 6, d, e}) =>- (a = bfdfe), 

(4.42) (a&c = dfe) A (6 — >■ /) A ->(£> C {a, c, d, e}) =>- (a/c = dfe), 

(4.43) (a&c = d&eo/) A (6 ->• <j) A C {a, c, d, e, /}) =4> (ai?c = dgegf), 

(4.44) (a&c&d = e&/&<?) A (6 ->• a) A ->(& C {a, c, d, e, /, g}) (ahchd = ehfhg) 

}■ 

First, we will explain the primitive symbols of the logical calculus {$, with natural 
language. 

The symbols "{", "}", "(", ")" are punctuation. The symbol "0" indicates empti- 
ness. The symbol "■ ■ • " indicates an omission. 

(14.11) denotes $ as a set of notations and particular axioms between { and }. Different 
logical calculus correspond to different notations and particular axioms. 

( 14.21) denotes V as a set of variables between { and }. 

(14.31) denotes C as a set of constants between { and }. 

(14.41) denotes P as a set of predicate symbols between { and }. 

(14.51) denotes V o C as a set of concatenations between V and C. 

( 14.61) denotes C o C as a set of concatenations between C and C. 

(14.71) denotes V o C o P as a set of concatenations among V, C and P. 

(14.81) ~ (14.121) define a set of axioms on binary predicate symbol G. 

(I4.13P defines an axiom on new variables ranging over V o C . 

(I4.14p defines an axiom on the binary predicate symbol C. 

(I4.15P denotes ^> as a set of general axioms between { and }. Different logical calculus 
correspond to the same general axioms. 

(I4.16P defines an axiom on the binary predicate symbol C. 
(I4.17P defines an axiom on the binary predicate symbol — K 
(I4.18P ~ (I4.19p define a set of axioms on the binary predicate symbol |. 
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( 14.2 ip ~ (I4.34p define a set of axioms on the binary predicate symbol <. 
( I4.35P ~ (I4.44p define a set of axioms on the binary predicate symbol =. 
Then, we will prove that the logical calculus {$, can deduce common number sys- 
tems. 

Definition 4.2. In a logical calculus if a = true, then a is a number. 

Theorem 4.3. 

(4.45) V{®,a,b}, 

(4.46) C7{0,1,+}, 

(4.47) P{0, 6, C, ->,|,=,<}, 

(4.48) V o C{0, a, b ■ ■ ■ , 1, H — • , aa, ab - ■ ■ , al, a + • • • ,ba,bb - ■ ■ ,bl,b + ■ ■ ■ , 
aaa, aa& • • • , aal, aa + • • • , 5aa, 6a& • • • , feal, ba + • • • }, 

(4.49) C7 o C{0, 1, + • • ■ , 11, 1 + ■ ■ • , 111, 11 + ■ • • }, 

(4.50) V o C o P{0, a, 6 • • • , 1, H — • , G, C • • • , aa, ab • • • , al, a + • • ■ ,a E,a Q ■ ■ • , 
ba,bb- ■ ■ , 61, 6 + • • • , b G, 6 C • • • , aaa, aafe • • • , aal, aa + • • • , aa G, aa C • • • , 
baa, bob ■ ■ ■ , bal, ba + • • ■ , ba G, ba C • ■ • }, 

(4.51) (a G V) <^> (a = 0) V (a = a) V (a = 6) • • • , 

(4.52) (a 6 C) & (a = 0) V (a = 1) V (a = +) • • • , 

(4.53) (a G (V o C)) (a = 0) V (a = a) V (a = 6) • • • V (a = 1) • • • V (a = aa) 
V(a = a6) • • • V (a = al) • • • V (a = aaa) V (a = aa6) • • • V (a = aal) • • • , 

(4.54) (a G (C o C)) ^ (a = 0) V (a = 1) V (a = +) • • • V (a = 11) V (a = 1+) • • • 
V(a= 111) V(a= 11+)- ■■ , 

(4.55) (a G (V o C o P)) (a = 0) V (a = a) V (a = 6) • • • V (a =g) • • • V (a = aa) 
V(a = a6) • • • V (a = a G) • • • V (a = aaa) V (a = aa6) • • • V (a = aa g) • • • , 

(4.56) (a G (V o C)) A (o G (y o C)) A (c G {V o C)) A (d e {V o C)) A (e G (y o C7)) 

a(/ g (y o co) A(ge(yo co) a (a g (y o co) a (i g (y o c)) a (j g (y o (J)) 

A(a G (y o C o P)) A (6 G (y o C o P)) A (c G (V o C o P)), 

(4.57) ((a C {6, c}) ^ (a C 6) V (a C c)) A 

((a C {b, c, d}) ^(flCl)v(aCc)V(flC d)) A 

((a C {o, c, J, e}) <^> (a C 6) V (a C c) V (a C J) V (a C e)) A 

((a C {6, c, d, e, /}) <^> (a C b) V (a C c) V (a C J) V (a C e) V (a C /)) A 

((a C {&, c, d, e, /, g}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 

V(aC 9 ))A 

((a C {6, c, a 7 , e, /, ^, h}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a Cj)v(aC a)) A 

((a C {o, c, J, e, /, ^, a, i}) (a C 6) V (a C c) V (a C d) V (a C e) V (a C /) 
V(a Cj)V(aC/i)v(aC ?)) A 
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((a C {b,c,d,e,f,g,h,i,]}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a C5)v(aa)v(oCj)v(aC ])), 

(4.58) a ->■ 1|1 + a, 

(4.59) a < 1 + a, 

(4.60) aAb^(a + b = b + a) 

h 

then iV{$, denotes natural number system. 
Proof. 



(Al) 


(a ->■ 1 1 1 + a) =>- (a ->• 1) 


6«(|4.58p. 114.181) 


(A2) 


=>• (a -+ 1 + a) 


&2/(]4.l9|) 


(A3) 


(a < l + o) =► (1 < 1 + 1) 


fay(l4.59p.(AlWI4.3()p 


(AA) 


=s> 1 


%()4.24p 


(A5) 


=►(1 + 1) 


by(A3),(\AM) 


(AQ) 


=^(l + a<l + l + a) 


6wfl4.59p.(A2UI4.30p 


(A7) 


=► (1 + K 1 + 1 + 1) 




(AS) 


=► (1 + 1) 


6wfl4.24p 


(A9) 


=> (1 + 1 + 1) 





Then we deduce the numbers from iV{$, 

1,1 + 1,1 + 1 + M + i + i + i--- 

(Bl) 1 + 1 = 1 + 1 by(AA),(^M) 

(B2) 1 + 1 + 1 = 1 + 1 + 1 by(A4),(A5),<^M) 
(B3) 1 + 1 + 1 + 1 = 1 + 1 + 1 + 1 bv(A5). Km\> 

Then we deduce the equalities on deducible numbers from iV{$, 

1 + 1 = 1 + 1, 1 + 1 + 1 = 1 + 1 + 1, 1 + 1 + 1 + 1 = 1 + 1 + 1 + 1.-. 
The deducible numbers correspond to the natural numbers as follows: 

1 EE 1, 
1 + 1 EE 2, 
1 + 1 + 1 EE 3, 



The equalities on deducible numbers correspond to the addition in natural number 
system. So the claim follows. □ 
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Theorem 4.4. 

(4.61) V{Q,a,b,c}, 

(4.62) C{0,1, +,[,],-}, 

(4.63) P{0,e,c, ->,!,=,<}, 

(4.64) V o C{0, a, 6 • • • , 1, H , aa, a6 • • • ,al,a-\ , 6a, 66 • • • ,bl,b-\ , 

aaa, aab • • • , aal, aa + • • • , 6aa, 6a6 • • • , bal, ba + • • • }, 

(4.65) C o C{0, 1, + • • • , 11, 1 + • • • , 111, 11 + • • • }, 

(4.66) V o C o P{0, a, 6 • • • , 1, H , G, C • • • ,aa,ab-- ■ ,al,a-\ , a G, a C • • • , 

6a, 66 • • • , 61, b + ■ ■ ■ , 6 G, 6 C • • • , aaa, aa6 • • • , aal, aa + ■ ■ ■ , aa <E, aa <^ ■ ■ ■ , 
baa, bob ■ ■ ■ , 6al, 6a + • • • , 6a G, 6a C • • • }, 

(4.67) (a G y) (a = 0) V (a = a) V (a = 6) • • • , 

(4.68) (a G C) (a = 0) V (a = 1) V (a = +) • • • , 

(4.69) (a G (V o C)) (a = 0) V (a = a) V (a = 6) • • • V (a = 1) • • • V (a = aa) 
V(a = a&) • • ■ V (a = al) • • ■ V (a = aaa) V (a = aa6) • • • V (a = aal) • • • , 

(4.70) (a G (C o C)) ^ (a = 0) V (a = 1) V (a = +) • • • V (a = 11) V (a = 1+) • • • 
V(a= 111) V (a= 11+)-- - , 

(4.71) (a G (V o C o P)) ^> (a = 0) V (a = a) V (a = 6) • • • V (a =g) • • • V (a = aa) 
V(a = a6) • • • V (a = a G) • • • V (a = aaa) V (a = aa6) • • • V (a = aa G) • • • , 

(4.72) (a G (y o O) A (6 G (V o C)) A (c G (V o C)) A (J G (V o C)) A (e G (V o C)) 
A(/ G (y o C)) A (g 6 (V o C)) A (ft G (V o C)) A (J £ (V o C)) A (j G {V o C)) 
A(a G (V o C7 o P)) A (6 G (y o C o P)) A (c G (y o C7 o P)), 

(4.73) ((a C {6, c}) ^ (a C 6) V (a C c)) A 

((a C {6, c, J}) ^ (a C 6) V (a C c) V (a C J)) A 

((a C {6, c, J, e}) <^> (a C 6) V (a C c) V (a C d) V (a C e)) A 

((a C {6, c, d, e, /}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /)) A 

((a C {6, c, J, e, /, g}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C f) 

V(aCg))A 

((a C {6, c, J, e, /, g, h}) (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a Cj)v(aC a)) A 

((a C {6, c, d, e, /, ^, a ,i}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a y)V(aa)v(flC i)) A 

((a C {b,c,d,e, f,g,h,i,j}) <^> (a C 6) V (a C c) V (a C d) V (a C e) V (a C /) 
V(a Cj)V(aa)v(aCi)v(flC ])), 

(4.74) a ->■ l|[a6a], 

(4.75) 6|c^+|-, 



16 



PITH XIE 



(4.76) a < [1 + a], 

(4.77) a A 6 A c ([abbcc] = [[abb]cc]), 

(4.78) a => {[a -a] = [1 - 1]), 

(4.79) a A 6 =>• ([a + 6] = [6 + a]), 

(4.80) a A b => ([[a - 6] + 6] = a), 

(4.81) a A 6 A c =► ([a - 6 + c] = [a + c - 6]), 

(4.82) a A 6 A c ([a + [6 + c]] = [[a + 6] + c]), 

(4.83) a A 6 A c => ([a + [6 - c]] = [[a + 6] - c]), 

(4.84) a A 6 A c =► ([a - [6 + c]] = [[a - 6] - c]), 

(4.85) a A 6 A c =>- ([a - [6 - c]] = [[a - b] + c]) 

}, 

£/ien denotes integral number system. 

Proof. 



(Al) 


(a — > 1 [a6a]) =>■ (a — > 


1) 


favA4.74IUI4.18]) 


(A2) 


=>■ (a — > [aba]) 




fay (14.741). (14.181) 


(A3) 


(a ->■ [161]) 




fa7(A2),(Al),(^l7|) 


(AA) 


(6|c ->■ +|-) =► (6|c ->> 


-) 


fay (14.751). (14.1811 


(A5) 


=►(&-►-) 




fa/(|4.19|) 


(AQ) 


=► (a [1 - 1]) 




6y(A3),(A5),(|4^17J 


(A7) 


(a < [1 + a]) => (1 < [1 - 


M]) 


fay (14.761). (Al). (14.301) 


(A8) 


=S> 1 




fa/(|4.24| 


(A9) 


=►[1 + 1] 




faj(A7). (14.240 


(A10) 


(a< [1 + a]) ([1-1] < [1- 


+•[1-1]]) 


fav(|4.76|).(A6).(|4.30|) 


(All) 


=► ([1 - 1] < [[1 - 1] + 


1]) 


fay (14.791). (I4.25P 


(A12) 


=>([1-1]<1) 




bv (14.801). (I4.25|) 


(A13) 


=►[1-1] 




677(14.241) 



Then we deduce the numbers from Z{$, ^j: 

[1 - 1], 1, [1 - 1 - 1], [1 + 1], [1 + 1 + !]••• 



(51) [1 + 1] = [1 + 1] by(A8),(^m> 

(B2) [1 + [1 + 1]] = [[1 + 1] + 1] by(A8), {AS), 

(733) [1 + [1 - 1]] = [[1 - 1] + 1] by(A8), (A13), gZD 

(734) [[1 + 1] + [1-1]] = [[1-1] + [1 + 1]] by(A9),(A13),(mB 
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Then we deduce the equalities on deducible numbers from Z{&, 

[1 + [1 + 1]] = [[1 + 1] + 1],[1 + [1-1]] = [[1-1] + 1]-.. 
The deducible numbers correspond to the integral numbers as follows: 

• 1 

[1-1 -[1 + 1]] = -2, 
[1-1-1] = -1, 
[1-1] = 0, 
1 = 1, 

[1 + 1] = 2, 
[1 + 1 + 1] = 3, 
[1 + 1 + 1 + 1] = 4, 

The equalities on deducible numbers correspond to the addition and subtraction in 
integral number system. So the claim follows. □ 

Theorem 4.5. 

ifH 

(4.86) V{$,a,b,c,d}, 

(4.87) C{0,1, +,[,],-}, 

(4.88) P{0,G,C,^,|,=,<}, 

(4.89) V o C{0, a, b ■ ■ ■ , 1, H ,aa,ab- ■ ■ ,al,a H , ba, bb ■ ■ ■ , 61, b H , 

aaa, aab • • • , aal, aa + • • • , 6aa, 6a6 • • • , bal, ba + • • • }, 

(4.90) C7 o C{0, 1, + • • • , 11, 1 + • • • , 111, 11 + • • • }, 

(4.91) V o C o P{0, a, 6 ■ • • , 1, H , e, C • • • , aa, a6 • • • , al, a + • • • , a G, a C • • • , 

ba,bb - ■ ■ ,bl,b + ■ ■ ■ ,6e,6C ••• , aaa, aafr • • • , aal, aa + • • • , aa e, aa C • • • , 
6aa, 6a6 • • • , 6al, foa + • • • , ba e, 6a C • • • }, 

(4.92) (a e V) & (a = 0) V (a = a) V (a = 6) • • • , 

(4.93) (a e C) (a = 0) V (a = 1) V (a = +) • • • , 

(4.94) (a e (V o C)) & (a = 0) V (a = a) V (a = 6) • • • V (a = 1) • • • V (a = aa) 
V(a = a6) • • • V (a = al) • ■ ■ V (a = aaa) V (a = aa6) • • • V (a = aal) • • • , 

(4.95) (a E (C o C)) ^ (a = 0) V (a = 1) V (a = +) • • • V (a = 11) V (a = 1+) • • • 
V(a= 111) V(a = 11+)--- , 

(4.96) (a G (y o C o P)) ^ (a = 0) V (a = a) V (a = 6) • • • V (a =g) • • • V (a = aa) 
V(a = ab) ■ • • V (a = a G) • • • V (a = aaa) V (a = aa6) • • • V (a = aa e) • • • , 

(4.97) (a G {V o C)) A (6 G (V o C)) A (c G (V o C)) A (d e (V o C)) A (e G (V o C)) 

a(/ g (y o c)) a (^ g (y o C)) A (a G (y o C)) A (i G (y o C)) A 

Q G (y o C)) A (a G (y o C o P)) A (6 G (V o C o P)) A (c G o C o P)), 
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(4.98) ((a C {6, c}) <£> (a C 6) V (a C c)) A 

((a C {6, c, d}) o(flC|))v(aCc)V(flC J)) A 

((a C {5, c, J, e}) «(aa)v(aCc)V(aCj)v(aC e)) A 

((a C {6, c, J, e, /}) «(aC6)v(oCc)V(oCd)v(oCe)V(aC /)) A 

((a C {6, c, d, e, f, g}) <=> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 

V(«Cj))A 

((a C {b, c, J, e, /, g, h}) (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a Cj)V(aC ft)) A 

((a C {6, c, J, e, /, <?, M}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a y)V(aa)v(aC i)) A 

((a C {6,c,d,e, f,g,h,i,j}) (a C 6) V (a C c) V (a C J) V (a C e) V 
(flC/)V(aC9)V(oa)v(aCj)V(flC ])), 

4.99) a-»l|[a&a], 

4.100) 6 ->■ +|-, 

4.101) c|d-»6|++| --, 

4.102) a < [1 + a], 

4.103) (a < 6) A c ([a + c] < [b + c]), 

4.104) (a < 6) A c ([c - 6] < [c - a]), 

4.105) ([1 - 1] < a) A (a < 6) A ([1 - 1] < c) =>• ([a - -c] < [6 - -c]), 

4.106) aA6Ac^> ([acfedc] = [[ac5]dc]), 

4.107) a ^ ([a -a] = [1-1]), 

4.108) a A 6 =>• ([a + 6] = [6 + a]), 

4.109) a A 6 =>• ([[a - 6] + 6] = a), 

4.110) a A 6 A c =>- ([a - 6 + c] = [a + c - b]), 

4.111) a A b A c =4> ([a + [b + c]] = [[a + 6] + c]), 

4.112) a A 6 A c => ([a + [6 - c]] = [[a + 6] - c]), 

4.113) a A b A c =4> ([a - [6 + c]] = [[a - fo] - c]), 

4.114) a A 6 A c =4> ([a - [6 - c]] = [[a - b] + c]), 

4.115) a ([a + +1] = a), 

4.116) -.(a = [1 - 1]) ([a - -a] = 1), 

4.117) a A b =4> ([a + +6] = [6 + +a]), 

4.118) a Ab A c ^ ([a + +[b + c]] = [[a + +b] + [a + +c]]), 

4.119) a A b A c =4> ([a + +[6 - c]} = [[a + +6] - [a + +c]]), 

4.120) a A 6 A c ([a + +[6 + +c]] = [[a + +6] + +c]), 

4.121) a A -i(b~ = [1 — 1]) => ([a - -6 + +6] = a), 

4.122) oAiA-.(c=[l-l])4([o c + +6] = [a + +b c]) A ([[a + 6] c] = 

[[a - -c] + [b- -c]]) A ([[a — 6] — -c] = [[a - -c] - [6 - -c]]) A 
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([a + +[b - -c]) = [[a + +b) - -c)), 
(4.123) a A -.([6 = [1 - 1]) A -.(c = [1 - 1]]) =► ([a - -[b + +e]] = [[a - -6] - -c]) A 
([a__[5__c]] = [[a--fo]++c]) 

}, 

t/ien denotes rational number system. 



Proof. 








(Al) 




(a -)■ llfa&al) =► (a 1) 


&u(|4.99D. (14.181) 


(A2) 




=r- (a — )• [a&al) 


bv<\4.9^. (14.181) 


(A3) 




=>• (a — >■ [[a&a|6a|) 


6y(A2),(j4.17!) 


(AA) 




=4- (a + [[1 - 1] - 1]) 

\ L L J J / 


^(,41), (14.1001) 


(A5) 




(a < [1 + a]) =>■ (1 < [1+ 1]) 

V L J / \ L J/ 


&ty(l4.102l).(Al).(|4.30p 


(A6) 




=4- 1 


6y(j4.24p 


{Al) 




=►[1 + 1] 


&2/(A5),(|4.24p 


(A8) 




=4- fla&al < [1 + la&alll 


frwCAS) fA2l (14 301) 


(A9) 




=► ([1 + 1] < [1 + [1 + 1]]) 


6ufAll(l4.100D.I|4.30p 


(AW) 




=>([l + l]<[[l+l]+l]) 


6u(|4.108p. 04.25P 


(All) 




=►([1+1] < [1+1 + 1]) 


6y(|4.106[) 


(A12) 




=> ([1 - 1] < [1 + [1 - 1]]) 


^/Js) MTl (14 10011 (14 30)1 


(A13) 




=► ([1 - 1] < [[1 - 1] + 1]) 


bv ((4.1081). (I4.25|) 


(AU) 




=>([1-1]<1) 


&2/(|4.109| 


(Alb) 




=►([1-1] < [1 + 1 + 1]) 


%(A14),(A5),(A11),(|4.23P 


(A16) 


=*([!-- 


-[1 + 1 + 1]]< [[1 + 1] --[1 + 1 + 1]]) 


&y(AL4),(A5),(A15),(j4.105|) 


(A17) 




=►[1 [1+1+1]] 


&y(|4.24p 


(A18) 




=►[[1 + 1] --[1 + 1 + 1]] 


&y(AL6),(|4.24|) 


Then 


we deduce the numbers from Q{$, \E+. 








[1-1], [[1-1] -[!--[! + !]]],[!-- 


[1 + 1]],1--- 


(Bl) 


[1 + [1 


-[1 + 1 + 1]]] = [[1 - -[1 + 1 + 1]] + 1] by(A6), (A17), f]4.1U8!) 


(B2) 


+ 


--[1 + 1 + 1]]] = [[1--[1 + 1 + 1]]4 


-+1] &y(A6),(A17),(|4J17j) 



Then we deduce the equalities on deducible numbers from Q{<&, 

[1 + 1] = [1 + 1], [1 + +[1 - -[1 + 1 + 1]]] = [[1 - -[1 + 1 + 1]] + +1] 



20 PITH XIE 

The deducible numbers correspond to the rational numbers as follows: 



[1-1-1] = -1, 

• 1 

[1-1-[1--[1 + 1]]] = ^ 

[i-i] = o, 

[1 - [1 - -[1 + 1]]] = \ 

' 1 

1 = 1, 



• 5 

[1 + [1 " "[I + 1]]] = I 



[1 + 1] = 2, 
[1 + 1 + [1--[1 + 1]]] = 

[1 + 1 + 1] = 3, 



5 
2' 



The equalities on deducible numbers correspond to the addition, subtraction, multipli- 
cation, division in rational number system. So the claim follows. □ 

Definition 4.6. Real number system is a logical calculus -R{$, ^} such that: 
${ 

(4.124) V{®, a, b, c, d, e, /, g, h, i, j, k, I}, 

(4.125) C{0,l,+,[,],-,/,T,±,_}, 

(4.126) P{0, G ,C,^, |, =,<,[[}, 

(4.127) V o C{0, a, b ■ ■ ■ , 1, H ,aa,ab- ■ ■ ,al,a H , ba, bb ■ ■ ■ , 61, b H , 

aaa, aab ■ ■ ■ , aal, aa + • • • , baa, bab ■ ■ ■ , bal, ba + • • • }, 

(4.128) C o C{0, 1, + • • • , 11, 1 + • • • , 111, 11 + • • • }, 

(4.129) V o C o P{0, a, b ■ ■ ■ , 1, H , G, C • • • ,aa,ab - ■■ ,al,a-\ , a G, a C • • • , 
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6a, 66 • • • , 61, b + ■ ■ ■ , 6 G, 6 C • • • , aaa, aa6 • • 
6aa, 6a6 • • • , 6al, 6a + • • • , 6a G, 6a C • • ■ }, 

(4.130) (a G (a = 0) V (a = a) V (a = 6) • • • , 

(4.131) (a G C) (a = 0) V (a = 1) V (a = +) • • • , 

(4.132) (a G (V o C)) ^ (a = 0) V (a = a) V (a = 6) • 
V(a = a6) • • • V (a = al) • ■ ■ V (a = aaa) V (a 

(4.133) (d G (C o C)) <£> (a = 0) V (a = 1) V (a = +) 
V(a= 111) V(a = 11+)--- , 

(a G (V o C o P)) (a = 0) V (a = a) V (a = 6) • • • V (a = 
V(a = a6) • ■ ■ V (a = a G x 



, aal, aa + • • • , aa aa C 



(4.134) 
(4.135) 



(4.136) 



• V (a = 1) • • • V (a = aa) 
: aa6) • • • V (a = aal) • • • , 

• • V (a = 11) V (a = 1+) • 



I A 



[a 
fa 



G) ■ • • V (a = aa) 
• V (a = aaa) V (a = aa6) • • • V (a = aa e) • • • , 
(a6(l/o C)) A (6 G (V o C)) A(ce(Vo C)) A (d G (Vo C)) A (e G (V o C)) 
A(/ G (V o C)) A(je(Fo C)) A (a G (V o C)) A (i G (V o C)) A 

(j g (v o c)) a(Ig(i/o o) a (z" g (y o O) A (a G (V o C o P)) 

b G (V o C o P)) A (c G (V o C o P)), 
C {6,c}) ^ (a C 6) V (a C c)) A 
C {6, c, J}) (a C 6) V (a C c) V (a C d)) A 
a C {6, c, J, e}) (a C 6) V (a C c) V (a C d) V (a C e)) A 
a C {6, c, J, e, /}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V (a C /)) A 
a C {6, c, d, e, /, g}) <^> (a C 6) V (a C c) V (a C a 7 ) V (a C e) V (a C /) 
V(«Cj))A 

a C {6, c, J, e, /, g, h}) (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a Cj)V(aC a)) A 

a C {6, c, d, e, /, a, i}) (a C 6) V (a C c) V (a C J) V (a C e) V (a C /) 
V(a y)V(fla)v(ttC i)) A 
a C {6, c, d, e, /, (?, a, i, ]}) <^ (a C 6) V (a C c) V (a C J) V (a C e) V 
«C/)V(flC9)V(aa)V(flCi)V(aC j)), 
C {6, c, d, e, /, g, h, i, j, k}) (a 



, , , , C 6) V (a C c) V (a C d) V (a C e) V 
C /) V (a C g) V (a C h) V (a C «) V (a C j) V (a C fc)), 



fa C {6, c, J, e, /, (7, d, i, j, fc, I}) <^> (a C 6) V (a C c) V (a C J) V (a C e) V 
C /) V (a C (?) V (a C h) V (a C i) V (a C j) V (a C fc) V (a C [)), 

(4.137) (a6c = dbefg) A -i(6 C {a, c, J, e, /, g}) A ->(/ C {a, 6, c, J, e, ^}) A 
(6 ->■ h)\\(f -> i)) (ahc = dheig), 

(4.138) (abode = /) A -i(6 C {a, c, J, e, /}) A -.(d C {d,6,c,e,/}) A ((6 ->■ ^)||(d ->■ d)) 
=4> (a^cde = /), 

(4.139) a ->• l\[aba], 

(4.140) 6 ->■ +|-, 
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(4.141) 
(4.142) 
(4.143) 
(4.144) 
(4.145) 
(4.146) 
(4.147) 
(4.148) 
(4.149) 
(4.150) 
(4.151) 
(4.152) 
(4.153) 
(4.154) 
(4.155) 

(4.156) 
(4.157) 
(4.158) 
(4.159) 
(4.160) 
(4.161) 
(4.162) 
(4.163) 
(4.164) 
(4.165) 
(4.166) 
(4.167) 
(4.168) 
(4.169) 
(4.170) 
(4.171) 
(4.172) 
(4.173) 
(4.174) 
(4.175) 
(4.176) 



c\d ->■ e\f\g, 
e ->■ +| + e, 

f^-\-f, 

9^/\/g, 

i ->• ->• +h), 

h^+)\\(j^/), 

h^+h)\\v^/j), 

k ->■ [l + l]|[l + fc], 

->1|[1 + J], 
a < [1 + a], 

a<6)Ac^([fl + c] < [6 + c]) A ([c - 6] < [c - a]), 
[1 - 1] < a) A (a < 6) A ([1 - 1] < c) =>• ([a - -c] < [6 

[c 6] < [c a]), 

1 < a) A (1 < 6) =>• (1 < [a - 

1 < a) A (a < 6) =4> (1 < [o/#a]), 

1 < a) A (a < b) A (1 < c) =>- ([aec] < [free]), 

1 < a) A (1 < 6) A (1 < c) A ([aec] < [free]) =>• (a < 5), 

1 < a) A (1 < 6) A (6 < c) =>- ([aeo] < [aec]), 

1 < a) A (1 < b) A (1 < c) A ([aeb] < [aec]) =>- (b < c), 

a A b A c =>- ([ac&rfc] = [[ac6]dc]), 

a A 6 =4> ([a - 6] = [a/b]), 

a A -.(6 = [1 - 1]) ([a - -6] = [a//6]), 

a =>• ([a - a] = [1 - 1]), 

a A 6 =4> ([a + 6] = [6 + a]), 

a A 6 =4> ([[a -6] + b] = a), 

a A b A c =>- ([a - b + c] = [a + c-b]), 

a A 6 A c =4> ([a + [6 + c]] = [[a + b] + c]), 

a A 6 A c =4> ([a + [b - c]] = [[a + 6] - c]), 

a A 6 A c =>• ([a - [6 + c]] = [[a - 6] - c]), 

a A 6 A c =4> ([a - [b - c]] = [[a - b] + c]), 

a ([a + +1] = a), 

-.(a = [l-l])=>([a--o] = l), 

aA6^ ([a + +6] = [6 + +a]), 

a A b A c =4> ([a + +[6 + +c]] = [[a + +6] + +c]), 



A LOGICAL CALCULUS TO INTUITIVELY AND LOGICALLY DENOTE NUMBER SYSTEMS 23 

(4.177) a A b A c => ([a + +[b + c}} = [[a + +6] + [a + +c]]), 

(4.178) a A 6 A c =4> ([a + +[6 - c]] = [[a + +b] - [a + +c]]), 

(4.179) a A -.(6 = [1 - 1]) ([[a - -5] + +6] = a), 

(4.180) a A -.(6 = [1 - 1]) A c =>• ([a b + +c] = [a + +c 6]) A 

([[a + c] - -6] = [[a - -6] + [c - -6]]) A ([[a — c] — -b] = 
[[a--b]-[c--b]]), 

(4.181) a A -.(& = [1 - 1]) A -.(c = [1 - 1]) ([a + +[6 - -c]] = [[a + +6] - -c]) A 
([a - -[6 + +c}} = [[a - -b] - -c]) A ([a - -[6 - -c]] = [[a - -6] + +c]), 

(4.182) a ([S + + + 1] =a), 

(4.183) ([l + + + a] = 1), 

(4.184) -.(a = [1 - 1]) ([a + + + [1 - 1]] = 1), 

(4.185) ([1 - 1] < a) ^ ([[1 - 1] + + + a] = [1 - 1]), 

(4.186) ([1 — 1] < a) A -i(b = [1 — 1]) A c =>• ([a 6 + + + 6] = a) A 

([a 6 + + + c] = [a + + + c &]) A ([a + + + [c 6]] = 

[[a + + + c] 6]), 

(4.187) ([1 - 1] < a) A ([1 - 1] < 6) A c ([a + + + [6///a]] = 6) A 
([[a + + + c]///5] = [c + +[a///5]]) A ([[a - -5] + + + c] = 
[[a + + + c] - -[6 + + + c]]), 

(4.188) ([1 — 1] < a) A ([1 - 1] < b) A ([1 - 1] < c) =► ([[a///c] - -[6///c]] = 
[«///&]) A ([[a + +6]///c] = [[S///5] + [6///c]]) A ([[a - -fe]///c] = 

" [W//c]]), 

(4.189) -.(a = [1 - 1]) A -.(6 = [1 - 1]) A -.(c = [1 - 1]) ([[a + +6] + + + c] = 
[[a + + + c] + +[6 + + + c]]) A ([a + + + [6 + +c]] = [[a + + + 6] + + + c]) 
A([a + + + [6 + c]] = [[a + + + 6] + +[a + + + c]]) A ([a + + + [b - c]] = 
[[a + + + b]- -[a + + + c]]), 

(4.190) ([1 — 1] < a) A -.(6 = [1 - 1]) A -.(c = [1 - 1]) ([a [b + +c]] = 

[[a b] g])A([a [fe--c]] = [[a &] + + + c]), 

(4.191) ([1 — 1] < a) A ([1 - 1] < b) A -.(c = [1 - 1]) => ([[a + +6] c] = 

[[a c] + +[6 c]]) A ([[a - -b] c] = 

[[a c]--[b c]]), 

(4.192) (1< a) ([a + el] = a), 

(4.193) (Ka)=^([a-/l]=a), 

(4.194) (l<a) ([l + +ea] = 1), 

(4.195) (1< a) ([1 - -fa] = 1), 

(4.196) (1< a) =► ([l///a] = [1 " 1]), 

(4.197) (1< a) ^ ([a/«?a] = 1), 

(4.198) (1 < a) A (1 < b) =>■ ([[ai&]/i&] = a), 
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(4.199) (1 < a) A (1 < 6) =► ([[ahb]ib] = a), 

(4.200) (1 < a) A (1 < 6) =► ([6/i[aj6]] = a), 

(4.201) (1< a) A (1 < b) =► ([[bha]jb] = a), 

(4.202) (1 < a) A (1 < 6) =► ([a + efo] = [ae[a + e[b - 1]]]), 

(4.203) T_l_l_= [1-1], 

(4.204) T_l_[l + 1]_ = 1, 

(4.205) 1_1_1_= 1, 

(4.206) ±_1_[1 + 1]_ = 1, 

(4.207) T_k_[[[l + 1] + +/] - 1]_ = T_[k - 

(4.208) ±_k_[[[l + 1] + +/] - 1]_ = l_[k - 

(4.209) T_k_[[l + 1] + +l}_ = [T_[k - + T_[k - + 1]_], 

(4.210) ±_A;_[[1 + 1] + +/]_ = [±_[k - + ±_[k - + 1]_], 

(4.211) (1 < a) A (T_b_c_) A (±_6_c_) =► ([a + h[T_b_c_ - -±_6_cJ] = 
[[a + /iT_6_c_J - «-L_&_c_J) 

}• 



It should be noted that (14.2031) ~ (I4.211|) restrict [T_6_c_ -L_b_c_] to be a Farey 

fraction^. In the following, we will deduce some numbers and equalities as examples. 



(Al) 


(a -»■ 1 \\aba}) => (a — V 1) 


6w(l4.139p. (14.181) 


(A2) 


=> (a — > [aba]) 


bv (14.139(1.(14.181) 


(A3) 


=► (a — >■ [[afeajfta]) 


by(A2), (|4.17|) 


(A4) 


=► (a -> [[1 - 1] - 1]) 


6y(Al), (|4.140[) 


(A5) 


(a< [1 + a]) =► (1< [1 + 1]) 


fov (14.1531). (Al). (14.301) 


(AQ) 


=» 1 


foy(j4.24p 


(A7) 


=►[1 + 1] 


by(Ab), ((4,241) 


(AS) 


=> ([aba] < [1 + [aba]]) 


6y(A5),(A2),(Ti3nD 


(A9) 


=►([1 + 1] <[1 + [1 + 1]]) 


6ufAnj4.140D.II4.30p 


(AW) 


=► ([1 + 1] < [[1 + 1] + 1]) 


fey fl4.166p. (14.251) 


(All) 


=►([1 + 1] < [1 + 1 + 1]) 


fey(|4.162j) 


(A12) 


=► ([1 - 1] < [1 + [1 - 1]]) 


6w(A8).(Al). (14.1401). (I4.30P 


(A13) 


=>([1-1]<[[1-1]+1]) 


fewfl4.166p. (14.251) 


(AU) 


=► ([1-1] < [1-1 + 1]) 


6y(|4.l62p 


(A15) 


=>([1-1]<1) 


&2/(]4.167|) 


(Aid) 


=►([1-1] < [1 + 1 + 1]) 


by(A15),(A5),(All),mM 


(A17) 


=► [1 - 1] 


by(Al5), (|4.24|) 


(A18) 


=> [1 + 1 + 1] 


6y(Al6),(j4.24|) 


(A19) 


=► ([1-1] < [1 + 1]) 


fey(A15),(A5),(|4.23|) 


(A20) ([[1- 


h 1]--[1 + !]]<[[! + 1 + 1]--[1- 


hi]]) 6y(A5), (All), d4l55|) 
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(A21) =K1< [[1 + 1 + 1] --[1 + 1]]) by(A20),(\niM 

(A22) [[1 + 1 + 1] --[1 + 1]] by(A21),(^M) 

Then we deduce the numbers from -R{$, 





[i _ ii [[i — n — rn -h n [i + mi \\i + 1 + n - 




11 + 111 • • • 


(51) 


(T_AJ[1 + 1] + +l}_ = [T_[k - + T_[k - - 


f 1] J) 


6y(j4.209j) 


(B2) 


=► (T_[l + 1]_[[1 + 1] + = [T_[[l + 1] - 1] _l_ 


.+ 






T_[[l + 1] - !]_[/ + 1] J) 




6w(l4. 1511). 04.181). 








04.43!) 


(53) 


(T_[l + 1]_[[1 + 1] + +1]_ = [T_[[l + 1] - 1]_1. 


_+ 






t_[[i + 1] - i]_[i + i]J) 




6w04.152p.fl4.18p. 








(]4.43|) 


(54) 


=► (T_[l + 1]_[[1 + 1] + +1]_ = [T_[l + 1 - 1]_1_ 


+ 






T_[l + 1 - 1]_[1 + 1]J) 




&y(|4.162|) 


(55) 


(T_[l + 1]_[[1 + 1] + +1]_ = [T_[l - 1 + 1]_1_ 


+ 






T_[l - 1 + 1]_[1 + 1] J) 




6y(|4.168P 


(56) 


=► (T_[l + 1]_[[1 + 1] + +1]_ = [T_[[l - 1] + 1]_1. 


_+ 






T_[[l - 1] + 1]_[1 + 1]J) 




6y(j4.162j) 


(B7) 


=► (T_[l + 1]_[[1 + 1] + +1]_ = [T_l_l_ + T_l_[l + 1] J) 


6y(|4.l67p 


(B8) 


=> (T_[l + 1]_[1 + 1]_ = [T_l_l_ + T_l_[l + 1]_ 


J) 


&2/(|4.173|) 


(59) 


^(Tjl + l]Jl + l]_=[[l-l] + l]) 




fayfl4.203IUI4.204l) 


(510) 


=► (T_[l + 1]_[1 + 1]_ = 1) 




M4.167I) 


(511) 


=► ([1 - 1] < T_[l + 1]_[1 + 1]J 




62/(^15), (|4.25p 


(512) 


=► (T_[l + 1]_[1 + 1] J 




fa/(j4.24|) 


(513) 


(JL_fe_[[l + 1] + +l}_ = [l_[k - + +_[£; - - 


f- 1] J) 


67/(j4.210|) 


(514) 


=► (i-Jl + 1]_[[1 + 1] + +1)- = [i-_[[l + 1] " 1] J- 


.+ 






jlJ[i + 1] - + i]_D 




fay(l4.15ip.(l4.18p. 








fJ4.43| 


(515) 


=► (i-Jl + 1]-[[1 + 1] + +1]- = + 1] - 1U. 


_+ 






ij[l + 1] " 1]-[1 + 1]J) 




fo7y(l4.152p.(l4.18p. 








04.43|) 


(516) 


=► + i]_[[i + i] + = [i-Jl + i ~ 1]JL 


+ 






+J1 + 1 - 1]_[1 + 1]J) 




by (|4.162| 


(517) 


(i-Jl + 1] J[l + 1] + +1]_ = [i_[l - 1 + 1]_1_ 


+ 






i-Jl - 1 + 1] Jl + 1] J) 




6y(j4.168|) 


(518) 


(i-Jl + 1] J[l + 1] + +1]_ = [i_[[l - 1] + 1]_1_ 


_+ 
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(519) 

(520) 
(521) 
(522) 
(523) 
(524) 



(525) 
(526) 
(527) 
(528) 
(529) 

(530) 
(531) 
(532) 
(533) 
(534) 
(535) 
(536) 

(537) 



J_J[1 - 1] + 1]_[1 + 1]J) 
(i-_[l + + 1] + +1]_ = + JL_U1 + 1]J) 

(±_[i + i]_[i + 1]_ = [JL JUL + JiJi + 1] J) 
=>(±_[i + iUi + i]_=[i + i]) 
=► ([i - 1] < ±Ji + i]Ji + i]J 
=► (± Ji + 1] Ji + 1] J 

([[l + l]+e[[l + l + l]--[l + l]]] = 
[[1 + l]e[[l + 1] + c[[[l + 1 + 1] --[1 + 1]]-!]]]) 

=►([[1 + 1] + +[[1 + 1 + 1] --[1 + 1]]] = 
[[1 + 1] + e[[l + 1] + +e[[[l + 1 + 1] - -[1 + 1]]- 1]]]) 



[[1 + 1] 



[[1 + 1] 



[[1 + 1] + + 



[[1 + 1] + 
=>• ( 

[[1 + 1] + 
=>■ 

[[1 + 1] 
=>• 

[[1 + 1] + 

=>- ( 

[[1 + 1] + 



([[l + l] + + + e[ 
+e[[l + 1] + + + 
([[1 + 1] + + + + 
f + [[1 + 1] + + 4 
([[1 + 1] + + + + 
+ [[1 + 1] + + + 
([[1 + 1] + + + + 
[[1 + 1] + + - 

[1 + 1] --[1 + 1] 
([[1 + 1] + + + + 
+ + [[1 + 1] + + 
([[1 + 1] + + + + 
+ + [[1 + 1] + 4 
([[1 + 1] + + + + 
+ + + [[1 + 1] + - 
([[1 + 1] + + + + 

+ [[! + !] + - 
([[1 + 1] + + + + 

+ + [[1 + 1] + 4 
([[1 + 1] + + + + 



1 + 1 + 1] --[1 + 1]]] = 
e[[[l + l + l]--[l + l]]-l]]]) 
[1 + 1 + 1]--[1 + 1]]] = 
+ [[[1 + 1 + 1] --[1 + 1]]-!]]]) 
[1 + 1 + 1] - -[1 + 1]]] = 
+ [[[[1 + 1] + 1] --[1 + 1]]-!]]]) 

[1 + 1 + 1]--[1 + 1]]] = 
- [[1 + 1] + + + + 
+ [!_-[! + !]]]-!]]]) 

[1 + 1 + 1]--[1 + 1]]] = 

+ +[[1 + [1--[1 + 1]]]-1]]]) 

[1 + 1 + 1] - -[1 + 1]]] = 
+ +[[[1--[1 + 1]] + 1]-1]]]) 
[1 + 1 + 1] - -[1 + 1]]] = 
+ +[[1- -[1 + 1]] + 1-1]]]) 
[1 + 1 + 1]--[1 + 1]]] = 
+ +[[1- -[1 + 1]] -1 + 1]]]) 
[1 + 1 + 1] --[1 + 1]]] = 
+ +[[[1--[1 + 1]]-1] + 1]]]) 
[1 + 1 + 1] --[1 + 1]]] = 



[[1 + !] + + + [[! + !] + + + +[! --[1 + 1]]]]) 
([[1 + 1] + h[T_[l + 1]_[1 + 1]_ - -J__[l + 1]_[1 + 1] J] = 

[[[1 + 1] + hT_[l + 1]_[1 + 1] J - i±_[l + 1]_[1 + 1] J) 
=► ([[1 + 1] + h[l - -[1 + 1]]] = [[[1 + 1] + hi] - i[l + 1]]) 



fa/ (14+62]) 
fa/ (l4TT6Tj) 
bu fcTTty 
fa fl4T2^5|) . fl4206|) 

6y(A19),(325J 
by(A5),(A21), 

mm 



fa/ fl4+42]) 
by (141421) 
fa (14+621) 



fa (14+801) 
bu(A19). KT7ty 
fa (14+66]) 

bv (pnm» 
bv fcnm* 

fa (14+62]) 

bv Kim 

fa(A5),(512), 
(523), flQII) 
fa(510),(521), 
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(538) ([[1 + 1] + +h[l - -[1 + 1]]] = 

[[[1 + 1] ++hl] - + 1]]) 6y (j057p .(!Oi5jl 

(539) ([[1 + 1] + + + h[l - -[1 + 1]]] = 

[[[1 + 1]+ + + W] + 6y (|Q57p .(|Oi5jl 

(540) =►([[! + i] + + + + [i __[i + i]]] = 

[[[1 + 1] + + + +1] [1 + 1]]) MQ571) . gug) 

(541) ([[1 + 1]+ el] = [1 + 1]) by {Ah), fl4TT92| ) 

(542) =*([[l + l] + +el] = [1 + 1]) fa (l4~T42|) 

(543) ^ ([[l + l] + + + el] = [1 + 1]) fa (P12]) 

(544) =>» ([[1 + 1] + + + +1] = [1 + 1]) 6ygH2D 

(545) ^([[1 + 1] + + + +[1--[1 + 1]]] = [[1 + 1] [1 + 1]]) by(BAO), (544), 

(@3HD 

(546) ^ ([[1 + 1] + + + +[[1 + 1 + 1] - -[1 + 1]]] = 

[[1 + 1] + + + [[1 + 1] [1 + 1]]]) by{B3h), (545), 

(H3HD 

Then we deduce the equalities on deducible numbers from 

[[1 + 1] + +[[1 + 1] [1 + 1]]] = [[[1 + 1] [1 + 1]] + +[1 + 1]], 

[[1 + 1] + + + +[[1 + 1 + 1] --[1 + 1]]] = [[1 + 1] + + + [[1 + 1] [1 + 1]]] 



The deducible numbers correspond to the real numbers as follows: 

[[1 - 1] - [[1 + 1 + 1] [1 + 1]]] = 

[[1 - 1] - [[1 + 1] [1 + 1]]] = -ft, 

[[1 - 1] - [[1 + 1] [1 + 1 + 1]]] = -ft, 

[[1 - 1] - 1] = -1, 

[[1-1]-[1--[1 + 1]]] = ~\, 
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[1 - [1 - -[1 + 1]]] = \ 

[[! + !]///[! + 1 + 1]] = l og3 2, 

• ) 

1 EE 1, 

• j 

[[1 + 1] [1 + 1 + 1]] = ft, 

[[1 + 1] [1 + 1]] = ^ 

[1+[1--[1 + 1]]] 

[[1 + 1 + !]///[! + !]] ee log 2 3, 
[[1 + 1 + 1] [1 + 1]] = 

• 1 

[1 + 1] = 2, 
[[1 + 1] + [1 + 1 + 1]] 

[1 + 1 + 1] EE 3, 
[[[1 + 1 + 1] [1 + 1]] + +[1 + 1]] = 



5 
2' 



The equalities on deducible numbers correspond to addition, subtraction, multiplica- 
tion, division, power operation and more other operations in real number system. Note 

that in the correspondence above some irrational numbers such as [[1 + 1 + 1] [1 + 1]], 

[[[1 + 1 + 1] [1 + 1]] + +[1 + 1]] and [[1 - 1] - [[1 + 1 + 1] [1 + 1]]] do not 

correspond to any irrational number based on traditional operations, which however can 
be constructed by the logical calculus ^}. 
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Then the logical calculus ^} not only derives the irrational numbers, but also 

makes its deducible numbers join in algebraical operations. So the logical calculus ^} 
intuitively and logically denote real number system. 
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